Effects of cell-cycle dependent expression on random

fluctuations in protein levels
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Appendix A

Moment dynamics of x

Based on standard stochastic formulation of chemical kinetics [1, 2], the model describing

x contains the following stochastic events

Protein production: x P Js (A.la)

Cell stage evolution: ci Jici, ¢ —1, ¢ Qi Cir1+ 1, (A.1b)
e . AnCn AncCn Ancn

Cell division: TS T, e, — 1, o S e+ (A.1c)

where the probability of having a burst of 7 molecules is given by p;. Whenever an event
occurs, the states of the system change based on the stochiometries given in (A.1). On
top of the arrows we showed the event propensity function ¥ (z,c) = ¥(x, ¢y, ¢, ..., ),
which determines how often reactions occur, i.e., the probability that an event occurs in
the next infinitesimal time interval (¢,t+ dt] is ¢ (z, ¢)dt. Time derivative of the expected

value of any function ¢(z,c) = ¢(x, ¢, ca, ..., ¢,) for this system can be written as [3]

W :< > Agp(z,c) w(x,c)> : (A.2)

FEvents

where Ap(z,¢) = Ap(x,c1,cs,...,¢,) is the change in ¢(x,¢) when an event occurs.
Choosing ¢ to be x and ¢;,i = {1,2,...,n} results in the equation (3.1) in the main

article.



Appendix B

Moment dynamics of y

The model describing x and y includes the stochastic events

Protein production: @ —2% z + j, (B.1a)
Cell stage evolution: ¢; Qiciy ci— 1, ¢ Qici, civ1 + 1, (B.1b)
Cell division: AN T,y Ancny Y, Cn Ancn, cn— 1, ¢ Ancn, a+1, (B.1c)

and the deterministic production of y

j = (Z kc> (B). (B.2)

Time derivative of the expected value of any function ¢(z,y,c) = p(z,y,c1,ca, ..., ¢,) for

this system can be written as [3]

el v.9) =< S Agly.o) x ¢<x,y7c>> + <(Z k) 2els ) <B>> ,
- (B3

FEvents

where the first term in the right-hand side is contributed from stochastic events and the
second one is contributed from (B.2). The propensity function of the events is given by
(x,y,¢) = Y(z,y,c1,C,...,¢,), and Ap(z,y,c) = Ap(x,y,c1,¢o,...,¢,) is the change
in ¢(x,y,c) when an event occurs. The mean dynamics of y can be written by choosing

@ to bey

% = (; kz<cz>) (B) — %(ycn>- (B-4)
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Dynamics of (y) is not closed and depends to moments (yc,), hence in order to have a

closed set of equations we add new moments dynamics by selecting ¢ to be yc;

d{ycy) A

dt =k <B> <C1> + 7 (ycn) — )\1<ycl>7 (B.5a)
d%}fl) = ki(B){ci) — Niyci) + Nica(yeiz1), j€{2,...,n}. (B.5D)

Dynamics of (y) and (yc;), j € {1,...,n} are the same as dynamics of (z) and (x¢;), j €

{1,...,n} presented in (3.1b) and (3.3) in the main text, hence (z) = (y) and (z¢;) =

(yci).

Further, dynamics of (zy) can be written as

d(jtg» _ <; ki ({(xe;) + <ycz>)> <B> — %(xycr) (B.6)

In order to have a closed set of equations we add dynamics of (zyc;)

d<xdzcl> = k1 ((zc1) + (yer)) (B) + % (ryc,) — M {xyey), (B.7a)
d<figci> = ki ((ze;) + (yei)) (B) — Ailwyes) + Nia(zyeina), i =1{2,...,i}.  (B.7b)

By having a closed set of equations related to zy, in the next step we add dynamics of

(y*) and (y?c;)

ngt > =2 (; k1<ycz)> (B) - %@an% (B.8a)
d(:itcl) = 2k (yc1)(B) + % <y2cn> (), (B.8b)
d{y?c;)

= 2k;i{yc;)(B) — N\i(yPes) + Nio1(yPeia), i =1{2,...,i}. (B.8c¢)



Using the fact that (z) = (y) and (x¢;) = (y¢;), equations (B.6), (B.7), and (B.8) in

steady-state results in (y?) = (zy) and (y%¢;) = (xyc;).



Appendix C

Intrinsic noise obtained from two-color assay

In this section we show that the results obtained here can be derived from two-color assay.
Consider two identical proteins x; and zo which their dynamics are exactly the same as

protein x in the main article. The model describing x; and x5 includes the stochastic

events

. . kicipj, .

Protein x; production: x; ——— x1 + J, (C.1a)
. . kicipj, .

Protein xy production:  xy ——— X9 + Jo, (C.1b)

. Aici Aici

Cell stage evolution: ¢ —1, i > ciy1 + 1, (C.1c)
Coe . AnCn AnCn AnCn AnCn

Cell division: Ty F—> T1y, Togt—> Tay, Cpt—> Cp — 1, e — c1 + 1.

(C.1d)

Note that the mean burst sizes of x; and x5 are equal to the mean burst size of x. For

this model the intrinsic noise can be quantified as

[4].

Since dynamics of x; and xy are exactly the same as x, we have (r1) = (x9) = (2)

and (z3) = (23) = (2?). Further in Appendix B we show that (zc;) = (yc;) hence

(z16;) = (22¢;) = (yc;). In the next we show that (z1x5) = (y2). Time derivative of the

expected value of any function ¢(z1,%2,¢) = @(x1, 29,1, Ca,...,¢,) for this system can



be written as [3]

M :< Z Ap(1, 29, C) X 1/1($1,$276)> ) (C.3)

dt
FEvents
where the propensity function of the events is given by ¢ (1, z2, ¢) = ¥(x1, T2, ¢1,Co, ..., Cp),
and Ap(xq,x9,¢) = Ap(xy,29,¢1,02,...,¢,) is the change in ¢(xy, 22, ¢) when an event

occurs. The mean dynamics of xyx9 can be written by choosing ¢ to be xyxs

d<l;:2> _ <Z ki<xlci>> (B) + (Z ki<332€i>> (B) — %<a:1xgcn>. (C.4a)

In order to have a closed set of equations, we add new moments dynamics by selecting

© to be z1x9¢;

d(riz901) A
= ki(x1c1)(B) + ki(zac1)(B) + T (x1m90,) — A (T12201), (C.5a)
d<$g§20i> = ki(z1¢:)(B) + ki{wac;)(B) — N\(m129¢;) + N1 {m120¢i 1), i ={2,...,i}.

(C.5b)

Using the fact that (z1¢;) = (z1¢;) = (ye;), equations (C.4) and (C.5) in steady-state are

exactly the same as (B.8) in steady-state. Hence (y?) = (x1x9) and (y?c;) = (x129¢;). It

results in

W G- (c6)

wQ @2 <$1>2




Appendix D

Moments dynamics of z

The random variable z is governed via

2(t) — z(t) + B, (D.1a)

Further in the time of division, 2z, is defined as

Hence the model by taking into account z contains the following stochastic events

kicip; kicipj

Protein production: & +—=x+ 7, z2+— 2+ 7, (D.3a)
Cell stage evolution: ¢; Sfi) ¢ —1, ¢ '_Ach_) ciy1 + 1, (D.3b)
Cell division: AL Ty, 2 Ancn,y 24, Cp Ancny cn— 1, ¢ Ancny c+1, (D.3c)

and deterministic dynamics of z given in (D.1b). Time derivative of the expected value

of any function ¢(z, z,¢) = ¢(x, z,¢1, ¢, . . ., ¢,) for this system can be written as [3]
d(gO(LC,Z,C)) = 8g0(:c,z, C)
T = E;mfsAgp(xazvc) X¢($,Z,C) - ;kzcz T<B> )

(D.4

where the first term in the right-hand side is contributed from stochastic events and the



second one is contributed from (D.1b). The propensity function of the events is given by
U(x,z,¢) = Y(x,2,¢1,Co,...,¢), and Ap(x, z,¢) = Ap(x, z,¢1,Co,...,¢,) is the change
in ¢(x, z,¢) when an event occurs.

By choosing ¢ to be 22 and z%¢;,i = {1,...,i} we have the following moment dynamics

(Zk cl) (B?) —|—4a>\ n{zen) —%)\n(22cn>, (D.5a)

d<z c1) ) A ) ,
B = k(B ) + o (zn) + () = h(a), (D.5b)
d<ztci> = k(B){c) — N (2%e) + A (PPeiny), i =1{2,... i} (D.5¢)

Note that just one of the binary states ¢; can be 1 at a time, thus (22) = > """ | (2%¢;). In

order to calculate the terms (z2¢;) we need to express the term (z2¢,) as the first step.

This term can be calculated by analyzing equation (D.5a) in steady-state

n kj n kj
4 Z] 1 )\_J 206 Z] 1 )\_]

ey = LB 4 22 = Ny (D.6)
3)\ Z] 1 )\1 3)\ Zg 1 )\1

By using a recursive process we calculate moments (z2¢;): we calculate (z2c;) by substi-

tuting equation (D.6) in equation (D.5b). Then we use the definition of (z2¢;) to calculate

(22¢y) from equation (D.5c) and so on

Summing up all the term in equation (D.7) results in (z2)

(&)= 3Z]1AZZ)\/\ ZZ)\/\ 32]UJZ /\

j oi=1 j=1 ]1>\711]1 i=1 j=1
(D.8)
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Finally, protein fluctuatios level can be written as

_@ (12 1 NB) 1 2 1
”_@2_(3+31+5> B) @) 3118 (D-9)
where . R
Doict 2oje Wy




Appendix E

Optimal value of

From (D.9) it is clear that minimum production noise occurs when /5 is maximum, and

minimum value of partitioning noise happens when £ is minimum. £ can be written as

n n k;
B _ Zi:l Zj:1 /\iij _ %al + ];—zal + ...+ f\—Zal (E 1)
n 7 k; k k. kn ) .
Zi:l Zj:l )\iij A—ial + ﬁaz—i- +Ean
where
L + L + + ! L + + L ! (E.2)
a — + — . — g =—+...+—, a,=—. )
LD VRIS NN A, I
Note that
a
a1>a2>.-->an=>B§a—1, (E.3)

where equality happens when all k;s are zero except k,. Using the same methodology one
can see that minimum of 8 happens when all the rates are zero except k1. The minimum

value of (3 is one.

11



Appendix F

Cell-to-cell variability in synchronized cells

Statistical moments conditioned on the cell cycle stage C; can be obtained using

(xc,->’ e = (x2¢;)

) i (F.1)

In order to calculate stochastic variation in protein levels in synchronized cells we need

to calculate (z%c;)

d<x201> . 9 1 )\n ) )
et 2k1(B){xcy) + k1 (B*)(c1) + Z_La/\” (wey) + T (2%cn) — Mi{zcr), (F.2a)
d(acrltc» = 2k;(B)(zc;) + ki(B*) (c;) — Ni{2’e) + Ao (2P, i={2,...,i}. (F.2b)

In order to calculate (x?c,) we introduce the moment dynamics of (z?)

z’) =2 (Z k‘z<xcz>> (Zkz ¢ ) (B%) + a>\ (xen) — %)\n(:ﬁcn% (F.3)

hence in steady-state

n  kj k; n  kj n  kj
8 (Zj:l)\) +211A Z] 1/\_<B>+ 4 Zj:l)\_j<BQ>+QOdE] 1
DN S L SN SHNE SN S

i (B).

(7%e,) =

(F.4)

12



13

By using a similar process used in the previous section we calculate moments (z2¢;)

2

n  kj n 5 i k; i . s kj

5 2 <Zj:1 ,\_j> 2 Dic ];\_l Zj:l X\ 2 D1 ];_S J=12%;
(x2c;) = ﬁﬁ(& tar ST (B) ++ ST (B)

i J=1 2, g J=1 3, i J=1 %,

A kj n i n kj

22]-:1;21:1% 1 Z; 1>\ 2 1 Z] 1>\ 9 200 ijl)\_j
D <B>+A—<B> . Sy 4 202

i Zj:l)\_j 3 Z] 1 Z] 1,\ 3 izjzl)\_j

(F.5)

By having (z¢;) and (22¢;) from (3.5) and (F.5), we can calculate the mean and the noise

in synchronized cells. Using (F.1) yields the following conditional mean

(z|e; = 1) = <Z%+Z%) (B). (F.6)

Further, the protein variability level given that cells are in stage C; is given by

s k; i k; 2
ST RN AT R+ (Ta k) G408
, 2 -
(Zim ) 1+ 82

~
Cell cycle variations

+<1 2 1 )(B2> 1 2 B 1

4+ + =
373145.) (B (aley | 3 144, (ley)’
Burst synth;sris variability Partltlomng errors
(F.7)
where i
2 =15
BC = ’ k,J (F8)



Appendix G

Incorporating cell-cycle times correlations, promoter

switching, and mRNA dynamics in the model

In the main article we assumed independent cell-cycle times, and instantaneous tran-
scriptional and translational bursts. Here we relax these assumptions and study how the
noise in the protein level is changed. In order to include promoter switching and mRNA
dynamics we consider that during the cell cycle, a gene becomes active (ON) and after
an exponentially distributed time interval it becomes inactive (OFF) with a rate k.
The gene spends another exponentially distributed time interval in OFF state before it
becomes active again with a rate k,,. The mRNA molecules are produced from active
states of gene with rate k,,, and they degrade with a rate =, per mRNA molecule. Finally,
stable proteins are translated from mRNA with rate k,. Let g(¢) be indicator function of
gene, g(t) =1 (g(t) = 0) means gene is ON (OFF), then the model contains the following

stochastic events during the cell cycle

Gene activation: g(t) Jon 01290, g(t)+1, (G.1a)
Gene deactivation: g(t) Jor190), g(t) —1, (G.1b)
mRNA production: m(t) SXION m(t) + 1, (G.1c)
mRNA degradation: m(t) MLIION m(t) — 1, (G.1d)
Protein production: x(t) RGN z(t) + 1, (G.1e)

14
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where m(t) and p(t) denote mRNA and protein population levels at time ¢, respectively.
At the end of cell cycle, division occurs and mRNA and protein molecules are partitioned
in daughter cells binomially. After each division we select a new cell-cycle time which
is correlated to previous cell-cycle times. We add correlation to the new cell-cycle time
T;, © € N, by assuming that it is connected to previous cell-cycle time through an Auto
Regressive (AR) process

T =Ty + ¢Tiy +m;, (G.2)

where 7;s are independent and identical normally distributed random variables 7; ~
N(0,0,), Tp is a constant, and |¢| < 1. For this model the mean and variance of cell-cycle
time is

To o2

Further the cross correlation between two cell cycles which are i cycles apart is ¢°.

In the case of transcriptional bursting, burst frequency is gene activation rate, i.e.,
kon in this model. Hence here we assumed that k,, is a function of cell-cycle time. We
investigate two scenarios 1) constant gene activation rate 2) synthesis at the end of cell
cycle. For constant k,,, gene switches between ON and OFF states through the cell cycle.
In the synthesis at the end of cell cycle, we assume that for 75% of T; gene is OFF and
kon, = 0. In the last 25% of cell cycle time switching occurs and k,,, is non zero. Further
transcriptional bursting is the limit of large ko¢ and small k,,, i.e., genes is OFF most of
the time. Here we consider that gene is active for 20% of the cell-cycle time. Further we
analyzed the system in both fast and slow switching switching rates.

We use another model in which protein production is modeled deterministic through-



16

Noise buffering in protein levels for different switching rates
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Figure S1: Protein synthesis at the end of cell cycle reduces noise contributed
from expression in the limit of slow switching rates and presence of correlated
cell cycle times. Noise ratio less than 1 indicates syntheis at the end reduces the noise in
comparison with constant production. Noise ratio is less than one for different switching
rates and correlation values. For this plot we have assumed both negative correlation of
—0.25 [5] and positive correlation of 0.25 between successive cell-cycle times, Mean cell-
cycle time is 2 hours and noise in cell-cycle times is C'V2 = 0.05. The mRNA production
rate is k,, = 50hr~! and mRNA molecules degrade with rate ~,, = 5hr~!. Protein
molecules are translated from mRNA with a rate k, = 25hr~1. Gene activation rate k,,,
is adjusted to keep mean of protein equal to 150 molecules for all cases. The error bars

obtained via bootstrapping by using 20,000 Monte Carlo simulations.
out the cell cycle

%9:%_%ﬁmmwx%@:%mp%m@——:@mw (G.4)

In the time of division mRNA and proteins are partitioned based on a beta distribution

which is the continuous counter part of binomial distribution. The difference between
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noise levels of these two models give the noise from stochastic expression.

We numerically investigate the models described in (G.1) and (G.4) for correlated
cell-cycle times in (G.2). Figure S1 shows the simulation results obtained from 20,000
Monte Carlo simulations for different switching rates and correlation values. From equa-
tion (4.7) in the main article we know that synthesis at the end of cell cycle reduces noise
in comparison with constant synthesis. However equation (4.7) obtained for the bursty
expression model which is an approximation in the limit of fast switching. Moreover in
order to derive (4.7), cell cycle time are assumed to be independent. Simulation results
reveal that in the presence of correlated cell-cycle times and by taking into account dy-
namics of gene and mRNA, synthesis at the end still reduces the noise contribution from
stochastic synthesis. This reduction happens even when gene is active for relatively long
time, switching is slow, dynamics of mRNA is included and cell-cycle times are correlated.
In summary our analysis reveals that perturbing the assumptions made in this paper to
obtain analytic solutions are not changing the fact that synthesis at the end of cell cycle

leads to buffering noise contributed from stochastic expression.
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